International Journal of Engineering, Science and Mathematics
Vol. 7 Issue 6, June 2018,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed
at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

ON THE ABSOLUTE ¥ - SUMMABILITY
FACTORS OF THE INFINITE SERIES

DHIRENDRA SINGH
Department of Mathematics
Govt. (P.G.) College RamNagar, Nainital, Uttrakhand - 244715

ABSTRACT

In this paper is to prove a more general theorem of BOR [1] for absolute ¥ -
summability factor of the infinite series.

DEFINITIONS AND NOTATIONS

Let A:(an’k) be an infinite matrix of complex numbers &« (nk =1,23,....... )and let (V1)
be a sequence of complex numbers. Let Zan be a given infinite series with the sequence of

partial sums (s). By A(S) we denote the A- transform of the sequence S =(s¢), that is
A, (s):g‘anksk
The series Zan is said to be Summable |A| , if
S 1A (5)- A ()] <o
And it is said to be Summable ¥ —|A, k=1 ¢
S IalA, (5)- A (S]], k<o

If we take ¥, =N (resp y,=n"""", 6> O)

Then ¥ —|A, Summability is the same as |A, (resp |A: 4], ) Summability.

97 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




International Journal of Engineering, Science and Mathematics
Vol. 7 Issue 6, June 2018,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed
at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

INTRODUCTION

In 1965 Mishra [4] proved the following theorems :

/1[1
THEOREM A : Let (%) be a convex sequence such that ZF is convergent, if

23 is bounded |R:109,, 1, , then 27 is Summable |61« k > 1

Generalizing the above theorem MISHRA AND SRIVASTAVA [5]

proved the following theorem.

THEOREM B : Let (%) bea positive non — decreasing sequence and there be

sequences (ﬁn) and (gn) such that
|Agn| < B,

B, > © a5 N - o

Zn|A,Bn|)(n <
n=1
|gn|;(n = 0(1)

0 s,
—X =0
If Zi‘ v (2)

For k >1 then Zangn is Summable |C’]4k . recently BOR [1] generalized the above
theorem their theorem is as follows :

THEOREM C : Let (4)bea positive non — decreasing sequence and the sequences

(8.) and (&) are such that conditions

|Ae,| < B,
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By = © gs n > oo

o0

Zn|A,6’n|;(n <

n=1

€| 2, = 0(2)

e-k k)
Avre satisfied . if there exists ¢ > 0 such that sequence ( ‘W“ IS non- increasing and

o e-k k _
;V |‘//vsv| - O(In) sh — o

Then the series Zan;‘n is Summable ¥ —[¢.1, . k >1

The object of this Paper is to prove a more general theorem than the above theorems.

however, we shall prove the following theorem :

THEOREM : Let (ln) be a positive non — decreasing sequence and the sequences (ﬂn)

and (ﬁn)satisfy the following conditions.
|Aﬂn| < B, 1)

By > © as N — o 2)

n=1 (3)

|ﬂ”n|7(n = 0(1) 4)

e-k k)
Moreover, if € > 0 is such that the sequence ( ‘V/" IS non- increasing and

n|l//V—SV= 1 0
zl v o(1) (x, 4,) asn— -
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Where {/‘n}‘ IS positive non- increasing sequence and satisfies

nz. ﬂnA(ij - o(1)

n

as N — o (6)

aA

n"™n

Then the series M, is Summable ¥ — |C]4 It should be noted that our theorem also give
results of BOR [1] for k=1

We need the following lemma for the proof of our theorem

Lemma 1 : Under the condition on (ﬂ(n) (8:) and (%) as taken in the statement of the
above theorem the following conditions hold, when (3) is satiesfied

nﬂnﬂn = 0(1) (7

And

S Bt < ©
Z‘Z< . ®)

* PROOF OF THE THEOREMS *

Let Uy and t, be with Cesaro means of order 1 of series 2 and of the sequence (na,)

respectively. Since % =(U, —U,,) (see [2]) it is enough to show that

=1
—ly, T.|<o
; n n 'n (9)
Where
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o lywd

n
n+1v3 4,

By Abel’s transformation we get.

n-1
T - 1 5 A v/1V 1 snd, s
n+1v% M, n+1 o (n+1)p

Tn=i|:nz_lsv VAX\/ Z\/+1 +Vﬂ\/+1 ( jj| 1 Sn nﬂ“n i
- H

n+1| 7= 4, n+1 =~ u, n+1

1 ovan, 1A, 1Y 1 _nd i
Tn_ zsv st ZSVVﬂVH (ﬂvj Sn n+1 M

n+1v3 x4, n+17T o, n+1V n+1 = u,
T, =TT o+ T+, +T 5 (say)

To complete the proof of the theorem, by Minkowski Inequality it is sufficient to show that

Sl o T (10)

n:2n n=2 n v=1 H
m v . x
O fon] v [ o
v=l v v
m |y o
=o(1) 2= | sl v
v= v

v=1 /’lv (11)
In view of (1)

Applying partial summation to (11) that is to say, we have

n V S m-1 S m S
Zﬁ Yy, -0 1) ZA( ]ZWIV r| ﬂ Z|!//V V|
v=L Hy v v=1 H, a2 F M
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v=l luv ﬂv
mﬂm S |WVSV
lle VZ:]; \Y
m-1 AZ VV v Wrsr m—lA § v Wrsr
~o 3 ALyl oy S AL S e
v=1 My =1 r v=l My r=1 r

m

o) A%8v+ o2 ZAﬁvlvuv ~om3asy + ma.z,
SRS o(1)+ o)+ o(1)+ o(1)
v=1 /JV

In view of (3), (4), (6), (7) and (8)
Hence

m+1 1

‘1//” 1|=0(1)  as m— oo

n2

Again

“//n n,2

<SSkl

=

m+1 !//n
5 Sl

nv+ln

n=2

+1

/uv+1

DI

v=1

m . m+1 1
— o)X |t sy v ¥

v=1 | My n=v+1

. ﬂv+1 e-1 T 1
1 NS w |V dx
); /u\,+1 | Vl//V .\[ngﬂ
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= o(1) Y|, v
v=1| My (12)
Applying partial summation to (12). this is to say we have
m+11
pIEAMELTE WYY ARSCRD Y
n=2 N Hyg|r=1 Hna val
m-1 m S
=o<1>z{Ai+m[ ISt A Sl
v=1 v+l My mi1 vl VY
m-1 m l//rsr m-1 1 \ 1
~oFat Sl o Fas | Sen 2
v=l My r=t r v=l My ) =1 r
Ay S lwis,
+
/um+1§ v
m-1 ﬂ\/ m-1
=0(1) DA pop, + 0(1)Z&A( ]zvuv Kb
v=1 v+l v=l +1 m+1
m-1 m-1
=0(1) >, nA% +0(1) ) w4 [—j + A
v=1 v=1 v+l
m-1 m-1
o)X 1A + ()X A +0(1)
v=l v=1
m+1
> T, o)) + o) + o)
n= 2

In view of (1), (7), (11), (12) and (8).

Hence
m+1 1
> =T, =0(1) as  m-—ow
n=2 n Y
Again
m+1 1 m+: n-1 1
2 ¥ ol < Z ZISVIVI&IA —
n=2 N n=2 v=1 Hy
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n-1 1 m+1 Wn
~o3 s ajal | 31

n-1 l . m+1
=0(1) s, VIAA| = | lw v 2 =
v=1 ,UV n:v+1r|

o0

n-1 1 ~ 1
oS amlialal v Lo
v=1 H, n

\

L §l

- Semhlals L)

l//n n,3
n=2 N (13)
Applying partial summation to (13). that is to say we have
m+11 n r r 1 c SI' r
2 =T A{VWA }Z' vil mA A( sz
n=2 N v=1 My ) T
'S 1 n = 1 Srl//r
3L o laa| L Jouaa 2 Javia o 1] S
n=2 N v=1 M,
+m|ﬂm|A[ j2|srl//r
v r=1
oS ala[ 2 Jovisala L svlalo( |z
v=1 Hy Hy H
1
+m|/1m|A(_jzm:um
Hi
n-1 1 n-1 1
=o<1>2|zv|A[—jxvﬂv+o<1>2v|wA[;jm
v=l v=l v
1
VZV|%+1| A’ (ﬂvjlvﬂv+m| +1|A(ﬂszmﬂm
|;{V| n-1 n-1
=o(1) Z +0(1)2|A4]+0(1) 3 [l +0(1)
v=1 v=1
m+11
= Zﬁ v, T,s/=0(1)+ o(1)+ o(1)+ o(1)
n=2
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In view of (1), (2), (3) and (6)

Hence

mi%‘y/nTm =0(l) as Mmoo

n=2

Again also as in Tn2 we have

ey NTAIA
Zlw T |=0(1)) EnlEnZnl
DTz
=0(1) as M —> o0
Finally we have
m+11 m l//n
ZH“/’nTn,s :O(l)z|n2|
n=2 n=1

m Ny,
—o(n) 3"l

n=1 n

e-1
Since (n |V/n|) IS non — increasing by hypothesis we have

Therefore we get

21
ZH'Wn’Tn| < ©

n=1

*This completes the proof of theorem.*
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